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Abstract
A monopole-like singularity generated by Berry’s phase in momentum
space and associated anomalous Poisson brackets have been discussed in var-
ious fields. In the applications, it is crucially important to understand pre-
cisely what is the monopole in momentum space implied by Berry’s phase.
Berry’s phase is sensitive to how it is measured and thus very different from
the genuine Dirac monopole; the monopole-like singularity in Berry’s phase
is a result of adiabatic approximation while the singularity disappears in
non-adiabatic approximation. The resolution of monopole-like singularity in
the non-adiabatic domain implies that no Dirac string appears close to the
monopole position and the anomalous terms containing the monopole flux
in quantum mechanical commutation relations are absent. The absence of
modified commutators is also concluded if one understands Berry’s phase in
momentum space as an O(~) quantum mechanical effect with a quantized
magnetic charge eM = 2pi~.
1 Introduction
The notion of Berry’s phase [1, 2, 3] has found important applications in the analyses
of various phenomena. In particular, the notion of the monopole in momentum
space, which was originally used in the analyses of the anomalous Hall effect in
ferromagnetic materials [4, 5] and the spin Hall effect [6] in condensed matter physics,
is important. The effective semi-classical equations, which incorporate Berry’s phase
near the level crossing point, are customarily chosen as
x˙k = Ωklp˙l +
∂ǫn(~p)
∂pk
, p˙k = Fklx˙l −
∂
∂xk
φ(~x). (1)
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The magnetic flux Ωkl(p) of Berry’s phase assumed as a Dirac-type monopole at
the origin of momentum space [7] and the electromagnetic tensor Fkl are defined by
Ωkl =
∂
∂pk
Al−
∂
∂pl
Ak and Fkl =
∂
∂xk
Al−
∂
∂xl
Ak, respectively. However, it is not obvious
if those equations formally written in the phase space language are consistent. Xiao
et al. [8] showed that, due to the monopole curvature term, the conserved phase-
space volume is modified to (1 + ~B · ~Ω)d3xd3p and equal-time commutators become
anomalous. Duval et al. [9] then analyzed this issue using the Faddeev-Jackiw
method [10], essentially considering the effective action
S =
∫
dt[pkx˙k + Ak(~x)x˙k −Ak(~p)p˙k − ǫn(~p)− φ(~x)], (2)
from which (1) are derived. We assume time-independent Ak and φ, for simplicity.
They pointed out that a modified canonical formulation is possible and they derived
the conserved phase space volume and anomalous Poisson brackets [9]. It was later
shown using Bjorken-Johnson-Low (BJL) prescription [11] and a path integral that
this action defines a theory non-local in time, thus no canonical quantization is
possible [12]. All these analyses are based on the assumption that a genuine Dirac
monopole is induced by Berry’s phase and included in the basic action (2). The
present study is also based on the analysis of the action (2) but with the more precise
specification of the actual monopole implied by Berry’s phase, which is given later.
The path integral analysis [12] is based on the quadratic expansion of the La-
grangian (2) around any fixed point in the phase space (~x0, ~p0) by replacing (~x, ~p)→
(~x0, ~p0) + (~x, ~p) and suitable shifts in ~x and ~p to eliminate linear terms,
S =
∫
dt[pkx˙k +
1
2
Flk(~x0)xlx˙k −
1
2
Ωlk(~p0)plp˙k
−
~p2
2m
−
1
2
∂k∂lφ(~x0)xkxl]. (3)
To be definite we choose the kinetic energy term ~p2/2m. Some of the lower order
commutators are given by the path integral (on the understanding that kl matrix
element on the right-hand sides is taken)
[xk, xl] = i~
1
1− ΩF
Ω, [pk, xl] = −i~
1
1 − FΩ
,
[pk, pl] = −i~F
1
1− ΩF
. (4)
These commutators containing the magnetic flux Ω of a Dirac monopole, which are
anomalous in the conventional sense, agree [13] with those suggested by Poisson
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brackets of the modified canonical formalism [9]. But the appearance of an infinite
tower of commutators indicates that the dynamics of (3) with a Dirac monopole is
non-local in time. The non-locality is seen when one first integrates over the momen-
tum in the path integral measure DpDx or by solving the equation x˙k = Ωklp˙l+pk/m
in terms of pk for given x˙k to write the action (3) in coordinate variables xk(t) only.
The non-locality shows that the formal canonical formalism of (2) postulated as
an ansatz in the presence of a Dirac monopole is not defined in the fundamental
Lagrangian formalism.
Nevertheless, the agreement of the Poisson brackets and BJL analysis concerning
the commutators in (4) might suggest that those commutators represent the quantum
mechanical predictions of Berry”s phase, as assumed in some practical applications
of Berry’s phase [5, 8]. What we are going to show is that all the terms with the
monopole flux Ω in the commutators (4) are the results of the use of a genuine Dirac
monopole as assumed in (2) and they are absent if one uses an actual monopole-like
object induced by Berry’s phase. This is a consequence of a resolution of monopole
singularity in Berry’s phase in the non-adiabatic domain.
2 Resolution of monopole singularity
Berry’s phase is generally described by an effective Hamiltonian near the level cross-
ing point
H = µ~p(t) · ~σ (5)
where ~σ stands for the pseudo spin that describes the upper and lower crossing
levels which are characterized by Bloch momentum ~p(t); µ is a coupling constant.
To analyze this Hamiltonian, we follow the procedure adopted by Stone [14] and
examine the equation i~∂tψ(t) = Hψ(t) or the Lagrangian given by
L = ψ†(t)[i~∂t −H ]ψ(t) (6)
where the two-component spinor ψ(t) specifies the movement of upper and lower
levels. We then perform a time-dependent unitary transformation
ψ(t) = U(~p(t))ψ′(t), ψ†(t) = ψ′
†
(t)U †(~p(t)) (7)
with
U(~p(t))†µ~p(t) · ~σU(~p(t)) = µ|~p|σ3. (8)
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This unitary transformation is explicitly given by a 2×2 matrix U(~p(t)) = (v+(~p) v−(~p)),
where
v+(~p) =
(
cos θ
2
e−iϕ
sin θ
2
)
, v−(~p) =
(
sin θ
2
e−iϕ
− cos θ
2
)
(9)
which corresponds to a use of instantaneous eigenfunctions of the operator µ~p(t) · ~σ
where ~p(t) = |~p(t)|(sin θ cosϕ, sin θ sinϕ, cos θ).
Based on this transformation, the equivalence of two Lagrangians is derived,
namely, L in (6) and L′ = ψ′†[i~∂t−µ|~p(t)|σ3+U(~p(t))
†i~∂tU(~p(t))]ψ
′. The starting
Hamiltonian (5) is thus replaced by
H ′(t) = µ|~p(t)|σ3 + U(~p(t))
†~
i
∂tU(~p(t))
= µ|~p(t)|σ3 − ~
(
(1+cos θ)ϕ˙
2
ϕ˙ sin θ+iθ˙
2
ϕ˙ sin θ−iθ˙
2
(1−cos θ)ϕ˙
2
)
. (10)
In the adiabatic limit, µ|~p(t)|T ≫ 2π~, we have
H ′ad ≃ µ|~p(t)|σ3 − ~
(
(1+cos θ)ϕ˙
2
0
0 (1−cos θ)ϕ˙
2
)
. (11)
Here T is the period of the dynamical variable ~p(t) and 2π~ stands for the magnitude
of the geometric term times T , namely, we estimate ϕ˙ ∼ 2π/T . If T is sufficiently
large µ|~p(t)|T ≫ 2π~, one may neglect the off-diagonal parts in (10) and retain only
the diagonal components. Stone then finds that the adiabatic Berry’s phase for the
++ component [14]
exp[−i/~
∮
H ′
(++)
ad dt]
= exp[−iµ/~
∮
|~p(t)|dt+ i
∮
(1 + cos θ)
2
dϕ], (12)
namely, the monopole flux
Ωmono = −~
∮
(1 + cos θ)
2
dϕ (13)
or the monopole potential
Aϕ = −~(1 + cos θ)/(2|~p| sin θ) (14)
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in the lower hemisphere is generated by a formal singularity located at the origin
of the parameter space µ~p where two levels cross. From (10), one sees that the
monopole is an approximation.
It is confirmed using the relation (10) that if ~ times the frequency of ~p(t), 2π~/T ,
is much larger than the magnitude of the level crossing interaction µ|~p(t)| or if the
particle approaches the monopole position |~p(t)| = 0 for any finite T ,
µ|~p(t)|T ≪ 2π~, (15)
then the geometric term dominates the µ|~p(t)|σ3 term. To see the implications of
the non-adiabatic condition (15) explicitly, one may perform a further unitary trans-
formation of the fermionic variable ψ′(t) = U(θ(t))ψ′′(t), ψ′(t)† = ψ′′†(t)U †(θ(t))
with [16, 17]
U(θ(t)) =
(
cos θ
2
− sin θ
2
sin θ
2
cos θ
2
)
(16)
in addition to (7), which diagonalizes the dominant Berry’s phase term. The Hamil-
tonian (10) then becomes
H ′′(t) = µ|~p(t)|U(θ(t))†σ3U(θ(t))
+(U(~p(t))U(θ(t)))†
~
i
∂t(U(~p(t))U(θ(t)))
= µ|~p(t)|
(
cos θ − sin θ
− sin θ − cos θ
)
− ~
(
ϕ˙ 0
0 0
)
. (17)
Note that the first term is bounded by µ|~p(t)| and the second term is dominant for
the non-adiabatic case µ|~p(t)|T ≪ 2π~. We emphasize that both (10) and (17) are
exact expressions.
The Hamiltonian in the non-adiabatic approximation then becomes
H ′′nonad ≃ µ|~p(t)|
(
cos θ 0
0 − cos θ
)
− ~
(
ϕ˙ 0
0 0
)
. (18)
The topological Berry’s phase thus either vanishes or becomes trivial exp{i
∮
ϕ˙dt} =
exp{2iπ} = 1 independently of θ for the very rapid movement of ~p(t), T → 0 with
fixed µ|~p(t)|, or very close to the monopole position, µ|~p(t)| → 0 with fixed T . The
regular transformation (16) may be regarded as a resolution of monopole singularity
in Berry’s phase. Note that Hamiltonian (5) is regular in the variable ~p(t). The
essence of this behavior of Berry’s phase is understood using an exactly solvable
model with constant |~p| and θ, ~p(t) = |~p|(sin θ cosωt, sin θ sinωt, cos θ) [18].
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The monopole associated with Berry’s phase, which is parameterized by µ|~p|T ,
may be summarized in a manner of Wu and Yang [15]; one has a Dirac monopole
for µ|~p|T →∞,
exp
[
−i
~
∮
~A(~p;µ|~p|T )d~p
]
= exp[i
∮
(1 + cos θ)
2
dϕ], (19)
and for µ|~p|T → 0 the monopole becomes trivial
exp
[
−i
~
∮
~A(~p;µ|~p|T )d~p
]
= 1 (20)
and no Dirac string is required for |~p| → 0 with finite T . This result is consistent
with the analysis of topology in the strictly adiabatic limit T →∞ by Simon [2].
3 Equal-time commutation relations
We now come to the analysis of equal-time commutators (4), which presume a
quantized theory. Our strategy is to combine the BJL analysis with the precise
property of Berry’s phase discussed above. We start with the classical action of (2)
by ignoring kinetic energy ǫn(p) and φ(x) but with Berry’s phase for a finite time
interval [−T/2, T/2]
S =
∫ T/2
−T/2
dt[pkx˙k + Ak(~x)x˙k −Ak(~p;µ|~p|T )p˙k] (21)
where we use the general Berry’s phase Ak(~p;µ|~p|T )p˙k analyzed above. We impose
the periodic boundary condition, for which the periodic parameter T inside the
action may be chosen to be the same as the integration interval T . This setting may
be relevant for the path integral analysis.
When one lets T be very large µ|~p|T ≫ 2π~, the adiabatic condition is satisfied
and Berry’s phase may be approximated by a Dirac monopole defined for T →∞,
SDirac =
∮
pkdxk +
∮
Ak(~x)dxk −
∮
A
(Dirac)
k (~p)dpk. (22)
One may next gradually decrease T so that µ|p|T ≪ 2π~, for which the same action
SDirac is still valid if one assumes a genuine Dirac monopole since the action (22) is
then scale invariant in time. Namely, the action depends on the paths in the phase
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space but does not depend on how quickly the particle moves in the phase space.
On the other hand, the action with Berry’s phase (21) gives
S =
∮
pkdxk +
∮
Ak(~x)dxk −
∮
A
(nonad)
k (~p;µ|~p|T )dpk (23)
where Berry’s phase in the non-adiabatic limit
∮
A
(nonad)
k (~p;µ|~p|T )dpk vanishes (up
to 2π~) for T → 0 as in (20). In an exactly solvable model [18], where a smooth
change from monopole-like to no-monopole configurations takes place at µ|~p|T = π~,
we have an explicit expression
A(nonad)ϕ =
~
4|~p|
(µ|~p|T/π~)2 sin θ (24)
which may be compared to the monopole potential in the lower hemisphere in (14).
The difference between (22) and (23) is the crucial difference between a genuine
monopole and Berry’s phase. Berry’s phase is topological (monopole-like) for the
full range 0 < |p| < ∞ in the parameter space (|p|, T ) only for T = ∞, as was
analyzed by Simon [2]. In contrast, the genuine Dirac monopole is topological in
the full space (|p|, T ).
The difference between (22) and (23) shows that the genuine Dirac monopole
approximation of Berry’s phase is very poor when one analyzes the short time be-
havior of the action. Once one writes the action in terms of the genuine Dirac
monopole, the action becomes scale invariant in time. On the other hand, Berry’s
phase crucially depends on the slow movement of the paths. So far the classical
analysis.
We now examine the phase space path integral∫
DpDx exp{(i/~)S} (25)
using the action S in (21) with periodic boundary conditions and examine the BJL
prescription that analyzes the short-time behavior of the time ordered operator
product Tˆ xk(t)xl(0) or large frequency limit when Fourier transformed to define the
equal-time commutator [11, 12],
lim
ω→∞
−iω
∫
dteiωt〈Tˆ xk(t)xl(0)〉
= lim
ω→∞
∫
dteiωt{〈Tˆ x˙k(t)xl(0)〉+ δ(t)[xk(0), xl(0)]}
= [xk(0), xl(0)] (26)
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where the first term in the second line, which is well-defined at t = 0 by definition,
vanishes for ω →∞ due to Riemann-Lebesgue lemma. We first consider the specific
action (3) with a Dirac monopole but without the kinetic term ǫn(p) and φ(x)
S =
∫
dt
1
2
(xk, pk){
(
Fkl −δkl
δkl −Ωkl
)
∂
∂t
}
(
xl
pl
)
. (27)
In the sense of phase space path integral (25), we thus have an inverse of the operator
appearing in (27) ∫
dteiωt〈Tˆ
(
xl(t)
pl(t)
)
(xk(0), pk(0))〉
= −i~{
(
Fkl −δkl
δkl −Ωkl
)
iω}−1. (28)
We define Mjk to be the right-hand side of
(
Fkl −δkl
δkl −Ωkl
)−1
=
(
ǫijkΩi δjk +BjΩk
−δjk − ΩjBk −ǫ
ijkBi
)
1 + ~B · ~Ω
valid for Fkl = ǫ
klmBm and Ωkl = ǫ
klmΩm [9]. The BJL analysis applied to (28) then
gives
[
(
xj(0)
pj(0)
)
, (xk(0), pk(0))] = i~Mjk (29)
which reproduces the Poisson bracket analysis [9] and also our result (4) in the
presence of a Dirac monopole.
One can confirm that the kinetic term ǫn(p) and φ(x) in (3) give additional
constant terms in the denominator of (28) and do not modify the commutator (29)
defined by ω → ∞. This is related to the fact that any potential which does not
contain time derivative does not modify the Heisenberg commutation relations, since
coordinates and momenta are symmetric in the phase space.
We now analyze the equal-time commutators in the presence of Berry’s phase.
Since the equal-time commutator is specified by t → 0 limit of the time-ordered
operator product Tˆ xk(t)xl(0), one can define the path integral (25) for a very small
time interval [−T/2, T/2] with periodic boundary conditions. In such a case, the
action (23) is relevant and the typical time scale T in Berry’s phase is replaced by
2π/ω, the inverse of the frequency of p(t), when used in the BJL formula. Berry’s
phase Ω
(nonad)
kl (~p0 + ~p;µ|~p0 + ~p|2π/ω) ≃ Ω
(nonad)
kl (~p0;µ|~p0|2π/ω) gives a non-leading
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contribution to the denominator in (28) as is expected from (24). Berry’s phase thus
does not contribute a finite Ωkl to equal-time commutators defined by ω → ∞, in
contrast to the case of a genuine Dirac monopole (29). This result is also expected
by the fact that Berry’s phase in (23) can be made arbitrarily small by choosing T
small.
We thus conclude that all the equal-time commutation relations in the presence
of Berry’s phase are given by the conventional canonical commutators (4) without
the anomalous curvature Ωkl term. This is consistent with the absence of the Dirac
string for T → 0. In contrast, the genuine Dirac monopole is scale invariant with
respect to time and contributes the monopole curvature terms to the commutators
(4) in the short time limit. If the Dirac monopole should be realized, one would
inevitably encounter the Dirac string.
4 Discussion and conclusion
As for the semi-classical equations of motion (1) with induced Berry’s phase, we
have
x˙k = Ωkl(p(t);µ|p|T )p˙l(t) +
∂ǫn(p)
∂pk
(30)
instead of the first equation with a Dirac monopole. If one uses a suitable T which
represents the time scale of the system accurately, the equations of motion are
expected to be accurate. In the adiabatic limit µ|~p|T ≫ 2π~, it is accurate to use
the Dirac monopole Ωkl(p(t))p˙l(t) in place of Berry’s phase. In the non-adiabatic
limit µ|~p|T ≪ 2π~, the Berry’s phase disappears and thus the equations of motion
without Berry’s phase are accurate. One may control the movement of particles in
the equations of motion experimentally.
In conclusion, we have studied the precise properties of the monopole in mo-
mentum space induced by Berry’s phase. The resolution of monopole singularity
in Berry’s phase in the non-adiabatic domain µ|~p|T ≪ 2π~ implies that the Dirac
string is absent close to the monopole position (|~p| → 0 with T fixed) and the
curvature term Ωkl is absent in the equal-time commutators (4) (T → 0 with |~p|
fixed) when one uses Berry’s phase in the action (2). This will invalidate the ap-
plications of Berry’s phase with emphasis on anomalous commutators with Ωkl. As
another view, which leads to a similar conclusion, Berry’s phase may be regarded
as an induced O(~) quantum mechanical effect in the present case with a quantized
magnetic charge eM = 2π~. It is then natural to use the effective semi-classical
equations of motion with induced Berry’s phase (30) in the adiabatic limit using the
O(~) modified phase space volume (1+ ~B ·~Ω)d3xd3p, which maintains consistency at
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the semi-classical level [8, 9]. One may then define quantization using the original
Lagrangian (2) without the induced Berry’s phase and thus avoiding the action non-
local in time [19], which is how Berry’s phase is derived in the Born-Oppenheimer
approximation. In either case, Berry’s phase as a low-frequency phenomenon does
not lead to anomalous equal-time commutators, in contrast to the quantum anoma-
lies that are short distance or high frequency phenomena and generally lead to
anomalous commutators [20, 21, 22].
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